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ON MENON-SURY’S IDENTITY WITH SEVERAL
DIRICHLET CHARACTERS
MAN CHEN, SU HU, AND YAN LI*
Abstract. The Menon-Sury’s identity is as follows:∑
1≤a,b1,b2,...,br≤n
gcd(a,n)=1
gcd(a− 1, b1, b2, . . . , br, n) = ϕ(n)σr(n),
where ϕ is Euler’s totient function and σr(n) =
∑
d|n d
r. Recently, Li,
Hu and Kim [6] extended the above identity to a multi-variable case
with a Dirichlet character, that is, they proved∑
a∈Z∗
n
b1,...,br∈Zn
gcd(a− 1, b1, b2, . . . , br, n)χ(a) = ϕ(n)σr
(n
d
)
,
where χ is a Dirichlet character modulo n and d is the conductor of χ.
In this paper, we explicitly compute the sum∑
a1,...,as∈Z
∗
n
b1,...,br∈Zn
gcd(a1 − 1, . . . , as − 1, b1, . . . , br, n)χ1(a1) · · ·χs(as).
where χi(1 ≤ i ≤ s) are Dirichlet characters mod n with conductor di.
A special but common case of our main result reads like this :∑
a1,...,as∈Z
∗
n
b1,...,br∈Zn
gcd(a1−1, . . . , as−1, b1, . . . , br, n)χ1(a1) · · ·χs(as) = ϕ(n)σs+r−1
(n
d
)
if d and n have exactly the same prime factors, where d = lcm(d1, . . . , ds)
is the least common multiple of d1, . . . , ds. Our result generalizes the
above Menon-Sury’s identity and Li-Hu-Kim’s identity.
1. Introduction
In 1965, P. K. Menon [9] found the following beautiful identity,
(1.1)
∑
a∈Z∗n
gcd(a− 1, n) = ϕ(n)σ0(n),
where n is a positive integer, Z∗n is the group of units of the ring Zn = Z/nZ,
gcd( , ) represents the greatest common divisor, ϕ is the Euler’s totient
function and σr(n) =
∑
d|n d
r is the divisor function.
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In 2009, Sury [13] generalized this identity in the following way
(1.2)
∑
a∈Z∗n
b1,...,br∈Zn
gcd(a− 1, b1, b2, . . . , br, n) = ϕ(n)σr(n).
The above Menon-Sury’s identity has been generalized in several dif-
ferent directions. First, it can be extended to arithmetic functions. This
direction was considered by To´th who generalized Menon’s identity to sums
representing arithmetical functions of several variables [15, Theorems 1, 2].
His results involve several extensions of Menon’s identity to multi-variable
situations (e.g. [15, Eq. (8)]). As an application, he also presented a formula
for the number of cyclic subgroups of the direct product of several cyclic
groups of arbitrary orders (see [15, Theorem 3]).
Menon-Sury’s identity can also be extended to residually finite Dedekind
domains. It is well-known that the integer rings of number fields and the
integral closure of Fq[t] in the field extension K/Fq(t) with K being an alge-
braic function field are all residually finite Dedekind domains. This direction
was first done by Miguel in 2014 by using Burnside’s lemma and the theory
of commutative rings (see [10, 11]). Then a further extension was made by
Li and Kim [5] who extended Miguel’s result to the case with many tuples
of group of units. For the case Z, their results read∑
a1,··· ,as∈Z∗n
b1,...,br∈Zn
gcd(a1 − 1, · · · , as − 1, b1, ..., br, n)(1.3)
= ϕ(n)
w∏
i=1
(ϕ(pmii )
s−1pmiri − p
mi(s+r−1)
i + σs+r−1(p
mi
i )),
where n = pm11 · · · p
mw
w is the prime factorization of n.
Menon-Sury’s identity can also be extended to subgroups of general lin-
ear group GLr(Zn). This direction was subsequently considered by Ta˘rna˘uceanu
[14] for groups of upper triangular matrices in GLr(Zn) who solved an open
problem raised in [13]. Li and Kim [7] further extended Menon-Sury’s iden-
tity to unipotent groups, Heisenberg groups and extended Heisenberg groups
by using Burnside’s lemma for group actions of matrix multiplication on col-
umn vectors over Zn.
In 2017, Zhao and Cao [17, Theorem 1.2] obtained a Menon-type identity
with a Dirichlet character. In fact, they showed that
(1.4)
∑
a∈Z∗n
gcd(a− 1, n)χ(a) = ϕ(n)τ
(n
d
)
,
where χ is a Dirichlet character mod n with conductor d. Then To´th [16]
extended the above identity by considering even functions (mod n) from an
alternative approach. As an application, he also obtained certain related for-
mulas concerning Ramanujan sums. Recently, Li, Hu and Kim [6] extended
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(1.4) to a multi-variable case, that is, they proved
(1.5)
∑
a∈Z∗n
b1,...,br∈Zn
gcd(a− 1, b1, b2, . . . , br, n)χ(a) = ϕ(n)σr
(n
d
)
.
For other extensions of Menon’s identity with additive characters and mul-
tiplicative characters, see [7] and [8].
In this paper, generalizing Li, Hu and Kim’s result (1.5), we consider
the Menon-type identity involving several Dirichlet characters, that is, we
evaluate the sum
(1.6)
Sχ1,χ2,...,χs(n, r)
=
∑
a1,...,as∈Z∗n
b1,...,br∈Zn
gcd(a1 − 1, . . . , as − 1, b1, ..., br, n)χ1(a1) · · ·χs(as),
where χi(1 ≤ i ≤ s) are Dirichlet characters mod n with conductor di. First,
we explicit compute Sχ1,χ2,...,χs(n, r) in the assumption that n is a prime
power (see Theorem 2.5). Then by using the Chinese remainder theorem,
we pass to the general case (see Theorem 3.2 and Remark 3.3).
2. Prime power case
Throughout this section, we assume n = pm, where p is a prime number
andm is a positive integer. Let χi (1 ≤ i ≤ s) be Dirichlet characters modulo
n with conductor di. Since di | n, we have di = p
ti , where 0 ≤ ti ≤ m.
As in [4, p.46], we shall introduce flirtations for the multiplicative group
Z∗n. As n = p
m is a prime power, Z∗n has a filtration consisting of subgroups:
1 = 1 + pmZn ⊂ 1 + p
m−1Zn ⊂ ... ⊂ 1 + pZn ⊂ Z
∗
n.
For simplicity of the proof, we introduce the following notations.
(2.1)
U0 = Z
∗
n, Uj = 1 + p
jZn with 1 ≤ j ≤ m and Um+1 = ∅,
Vj = Uj − Uj+1 with 0 ≤ j ≤ m.
Clearly, Z∗n =
m⋃
j=0
Vj with disjoint union. Also, we have
#U0 = p
m − pm−1, #Um+1 = 0 and #Uj = p
m−j with 1 ≤ j ≤ m,
where # denotes the cardinality of sets.
Since∑
a1,...,as∈Z∗pm
b1,...,br∈Zpm
gcd(a1 − 1, . . . , as − 1, b1, ..., br, p
m)χ1(a1) · · ·χs(as)
=
m∑
k=0
∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
∑
a1,...,as∈Z∗pm
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as),
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we get
Sχ1,χ2,...,χs(p
m, r)
=
m∑
k=0

 ∑
a1,...,as∈Z∗pm
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)


×

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1

 .
(2.2)
Therefore, we need to compute∑
a1,...,as∈Z∗pm
gcd(a1− 1, . . . , as− 1, p
k)χ1(a1) · · ·χs(as) and
∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1.
These will be done in Lemmas 2.3 and 2.4, respectively. We may first need
the following two lemmas (Lemmas 2.1 and 2.2).
Lemma 2.1 (Li, Hu and Kim, [6, Lemma 2.1]). Let n = pm and χ be a
Dirichlet character modulo n with conductor pt, where 0 ≤ t ≤ m. Then,
for 0 ≤ j ≤ m, we have
∑
a∈Uj
χ(a) =
{
#Uj , if j = t, t+ 1, ..., m.
0, otherwise.
Lemma 2.2. Let n = pm and χi (1 ≤ i ≤ s) be Dirichlet characters modulo
n with conductors di = p
ti, where 0 ≤ ti ≤ m. Let u = max{t1, ..., ts}.Then,
for 0 ≤ j ≤ m, we have
∑
(a1,...,as)∈(Uj)s
χ1(a1) · · ·χs(as) =
{
(#Uj)
s, if j = u, u+ 1, ..., m.
0, otherwise.
Proof. By Lemma 2.1, we have∑
(a1,...,as)∈(Uj)s
χ1(a1) · · ·χs(as)
=
∑
a1∈Uj
χ1(a1) · · ·
∑
as∈Uj
χs(as)
= #Uj [j ≥ t1] · · ·#Uj [j ≥ ts]
= (#Uj)
s[j ≥ max(t1, . . . , ts)],
where [ ] is the Iverson bracket, i.e.
[P ] =
{
1, if condition P holds;
0, otherwise.

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Lemma 2.3. Let n = pm and χi (1 ≤ i ≤ s) be Dirichlet characters modulo
n with conductors pti, where 0 ≤ ti ≤ m. Let k be an integer such that
0 ≤ k ≤ m. Let u = max{t1, t2, · · · , ts}. Then we have
∑
a1,...,as∈Z∗n
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
=


0, if k < u;
ϕ(pm)p(m−k)(s−1)σs−1(p
k−u), if k ≥ u > 0;
ϕ(pm)s − ϕ(pm)pm(s−1) + ϕ(pm)p(m−k)(s−1)σs−1(p
k), if u = 0.
Proof. By (2.1) and direct computation, we have
∑
a1,...,as∈Z∗n
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
=
m∑
j=0
∑
(a1,...,as)∈(Uj)s−(Uj+1)s
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
=
k−1∑
j=0
∑
(a1,...,as)∈(Uj)s−(Uj+1)s
pjχ1(a1) · · ·χs(as) +
m∑
j=k
∑
(a1,...,as)∈(Uj)s−(Uj+1)s
pkχ1(a1) · · ·χs(as)
=
k−1∑
j=0
pj

 ∑
(a1,...,as)∈(Uj)s
χ1(a1) · · ·χs(as)−
∑
(a1,...,as)∈(Uj+1)s
χ1(a1) · · ·χs(as)


+ pk
∑
(a1,...,as)∈(Uk)s
χ1(a1) · · ·χs(as)
=
k∑
j=0
pj
∑
(a1,...,as)∈(Uj)s
χ1(a1) · · ·χs(as)−
k∑
j=1
pj−1
∑
(a1,...,as)∈(Uj)s
χ1(a1) · · ·χs(as).
Collecting the similar items, we get
∑
a1,...,as∈Z∗n
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
=
∑
(a1,...,as)∈(U0)s
χ1(a1) · · ·χs(as) +
k∑
j=1
(pj − pj−1)
∑
(a1,...,as)∈(Uj)s
χ1(a1) · · ·χs(as).
(2.3)
Now we need to calculate the above sum case by case.
Case 1. k < max{t1, t2, · · · , ts}.
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Substituting Lemma 2.2 into (2.3), we have∑
a1,...,as∈Z∗n
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
= 0 +
k∑
j=1
(pj − pj−1) · 0 = 0.
Case 2. k ≥ max{t1, t2, · · · , ts} > 0.
Substituting Lemma 2.2 into (2.3) and from u = max{t1, · · · , ts}, we get∑
a1,...,as∈Z∗pm
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
=
k∑
j=u
(pj − pj−1)(#Uj)
s
= (pm − pm−1)
k∑
j=u
p(m−j)(s−1)
= ϕ(pm)p(m−k)(s−1)σs−1(p
k−u).
Case 3. max{t1, · · · , ts} = 0, i.e. χi (1 ≤ i ≤ s) are trivial characters.
The same argument as in Case 2 shows that∑
a1,...,as∈Z∗pm
gcd(a1 − 1, . . . , as − 1, p
k)χ1(a1) · · ·χs(as)
= (#U0)
s +
k∑
j=1
(pj − pj−1)(#Uj)
s
= (pm − pm−1)s − (1− p−1)pms +
k∑
j=0
(pj − pj−1)p(m−j)s
= ϕ(pm)s − ϕ(pm)pm(s−1) + ϕ(pm)p(m−k)(s−1)σs−1(p
k).

Lemma 2.4 (Li, Hu and Kim [6, Lemma 2.4]). Let n = pm be a prime
power and k ≥ 0 be an integer. Assume r ≥ 0 is an integer. Then
∑
b1,...,br∈Zpm
gcd(b1,...,br,pm)=pk
1 =
{
p(m−k)r−p(m−k−1)r, if k < m,
1, if k = m.
Now we are at the position to evaluate the sum Sχ1,χ2,··· ,χs(p
m, r).
Theorem 2.5. Assume r ≥ 0 and s > 0 are integers. Let n = pm be a prime
power and χi (1 ≤ i ≤ s) be Dirichlet characters modulo n with conductors
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di = p
ti. Let u = max{t1, · · · , ts}. Then we have the following identity
Sχ1,χ2,...,χs(n, r)
=
{
ϕ(pm)σs+r−1
(
pm−u
)
, if u > 0,
ϕ(pm)(ϕ(pm)s−1pmr + σs+r−1(p
m)− pm(s+r−1)), if u = 0.
(2.4)
Proof. Firstly, assume u > 0.
Substituting Lemma 2.3 into (2.2), we get
Sχ1,χ2,...,χs(n, r)
=
m∑
k=u
ϕ(pm)p(m−k)(s−1)σs−1(p
k−u)

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1


=
ϕ(pm)p(m−u)(s−1)
1− p1−s
m∑
k=u
(
1− p(1−s)(k−u+1)
)

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1

 .
(2.5)
The last equality is due to
σs−1(p
k−u) = p(k−u)(s−1)
1− p(1−s)(k−u+1)
1− p1−s
.
From Lemma 2.4,
m∑
k=u
(
1− p(1−s)(k−u+1)
)

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1


=
m−1∑
k=u
(
1− p(1−s)(k−u+1)
) (
p(m−k)r − p(m−k−1)r
)
+
(
1− p(1−s)(m−u+1)
)
=
m∑
k=u
(
1− p(1−s)(k−u+1)
)
p(m−k)r −
m∑
k=u+1
(
1− p(1−s)(k−u)
)
p(m−k)r
=
(
1− p1−s
)
p(m−u)r +
m∑
k=u+1
(
p(1−s)(k−u) − p(1−s)(k−u+1)
)
p(m−k)r
=
(
1− p1−s
) m∑
k=u
p(1−s)(k−u)p(m−k)r
=
(
1− p1−s
)m−u∑
k=0
p(1−s)kp(m−k−u)r
=
(
1− p1−s
)
p(m−u)r
m−u∑
k=0
p(1−s−r)k.
(2.6)
8 MAN CHEN, SU HU, AND YAN LI*
Combining (2.5) and (2.6) together, we get
Sχ1,χ2,...,χs(n, r)
=ϕ(pm)p(m−u)(s+r−1)
m−u∑
k=0
p(1−s−r)k = ϕ(pm)σs+r−1
(
pm−u
)
.
(2.7)
Secondly, we treat the case u = 0, i.e. all χi-s are trivial characters.
Substituting Lemma 2.3 into (2.2), we get
Sχ1,χ2,...,χs(n, r)
=
m∑
k=0
(
ϕ(pm)s − ϕ(pm)pm(s−1) + ϕ(pm)p(m−k)(s−1)σs−1(p
k)
)
×

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1


=
(
ϕ(pm)s − ϕ(pm)pm(s−1)
) m∑
k=0

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1


+
m∑
k=0
ϕ(pm)p(m−k)(s−1)σs−1(p
k)

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1

 .
(2.8)
The same argument as in the case u > 0 (i.e., letting u = 0 in the second
line of equation (2.5)) shows that
m∑
k=0
ϕ(pm)p(m−k)(s−1)σs−1(p
k)

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1


=ϕ(pm)σs+r−1 (p
m) .
(2.9)
Substituting (2.9) and the equation
(2.10)
m∑
k=0

 ∑
gcd(b1,...,br,pm)=pk
b1,...,br∈Zpm
1

 = pmr
into (2.8), we get the desired result. 
3. The general case
In this section, we shall consider the general case, that is, we evalu-
ate Sχ1,χ2,··· ,χs(n, r) if χi (1 ≤ i ≤ s) are Dirichlet characters modulo any
positive integer n. First, from the Chinese remainder theorem, we show
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Sχ1,χ2,··· ,χs(n, r) is multiplicative with respect to n. Then using multiplica-
tive property, we pass to the general case.
Let n = n1n2 be the product of positive integers n1 and n2 such that
gcd(n1, n2) = 1. By the Chinese remainder theorem, we have the ring iso-
morphism: Zn ≃ Zn1 ⊕Zn2 , which induces the multiplicative group isomor-
phism: Z∗n ≃ Z
∗
n1 × Z
∗
n2 . Therefore, each Dirichlet character modulo n can
be uniquely written as χ = χ(1) · χ(2), where χ, χ(1) and χ(2) are Dirichlet
characters modulo n, n1 and n2, respectively. Explicitly,
χ(c mod n) = χ(1)(c mod n1) · χ
(2)(c mod n2)
for any integer c such that gcd(c, n) = 1.
To simplify notations, for a1, . . . , as ∈ Zn, we let a
′
1, · · · a
′
s ∈ Zn1 and
a′′1, · · · , a
′′
s ∈ Zn2 denote the image of a1, . . . , as in Zn1 and Zn2 , respectively,
i.e. a′i ≡ ai mod n1 and a
′′
i ≡ ai mod n2, for i = 1, 2, · · · , s. Let d, d
(1) and
d(2) be the conductors of χ, χ(1) and χ(2), respectively. It is well known that
d = d(1)d(2).
The following lemma shows that Sχ1,χ2,...,χs(n, r) is multiplicative.
Lemma 3.1. Notations as above, we have
Sχ1,χ2,...,χs(n, r) = Sχ(1)1 ,χ
(1)
1 ,...,χ
(1)
s
(n1, r) · Sχ(2)1 ,χ
(2)
2 ,··· ,χ
(2)
s
(n2, r).
Proof. First, we check that∑
a1,...,as∈Z∗n
b1,...,br∈Zn
gcd(a1 − 1, . . . , as − 1, b1, ..., br, n)χ1(a1) · · ·χs(as)
=
∑
a1,...,as∈Z∗n
b1,...,br∈Zn
gcd(a1 − 1, . . . , as − 1, b1, ..., br, n1) gcd(a1 − 1, . . . , as − 1, b1, ..., br, n2)
× χ
(1)
1 (a1) · · ·χ
(1)
s (as)χ
(2)
1 (a1) · · ·χ
(2)
s (as)
=
∑
a′1,··· ,a
′
s∈Z
∗
n1
b′1,...,b
′
r∈Zn1
gcd(a′1 − 1, · · · , a
′
s − 1, b
′
1, ..., b
′
r, n1)χ
(1)
1 (a
′
1) · · ·χ
(1)
s (a
′
s)
×
∑
a′′1 ,··· ,a
′′
s∈Z
∗
n2
b′′1 ,...,b
′′
r∈Zn2
gcd(a′′1 − 1, · · · , a
′′
s − 1, b
′′
1, ..., b
′′
r , n2)χ
(2)
1 (a
′′
1) · · ·χ
(2)
s (a
′′
s).
The last equality follows from the Chinese remainder theorem. Indeed, as
(a1, . . . , as, b1, ..., br) runs over (Z
∗
n)
s×(Zn)
r, (a′1, · · · , a
′
s, b
′
1, ..., b
′
r, a
′′
1, · · · , a
′′
s , b
′′
1, ..., b
′′
r)
runs over (Z∗n1)
s × (Zn1)
r × (Z∗n2)
s × (Zn2)
r, too. Therefore, we have
Sχ1,χ2,...,χs(n, r) = Sχ(1)1 ,χ
(1)
1 ,...,χ
(1)
s
(n1, r) · Sχ(2)1 ,χ
(2)
2 ,...,χ
(2)
s
(n2, r).

Theorem 3.2. Assume r ≥ 0, s > 0 and n > 0 are integers. Let χi (1 ≤ i ≤
s) be Dirichlet characters modulo n with conductors di. Let d = lcm(d1, . . . , ds)
be the least common multiple of d1, . . . , ds. Let n0|n be the greatest integer
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such that n0 and d have the same prime factors. Then we have the following
identity ∑
a1,...,as∈Z∗n
b1,...,br∈Zn
gcd(a1 − 1, . . . , as − 1, b1, ..., br, n)χ1(a1) · · ·χs(as)
=ϕ(n)σs+r−1
(n0
d
) ∏
pm||n/n0
(
ϕ(pm)s−1pmr + σs+r−1(p
m)− pm(s+r−1)
)
,
(3.1)
where pm||n/n0 means p
m exactly divides n/n0.
Proof. Let n =
∏
pmp be the prime factorization of n. Then, for each
i (1 ≤ i ≤ s), we have a decomposition χi =
∏
p|n χ
(p)
i , where χ
(p)
i is a
Dirichlet character modulo pmp with conductor d
(p)
i . It is easy to see that
di =
∏
p|n d
(p)
i , for 1 ≤ i ≤ s. Let
(3.2) d(p) = lcm
(
d
(p)
1 , d
(p)
2 , . . . , d
(p)
s
)
By (3.2), definition of n0 and d, d =
∏
p|n0
d(p) and gcd(n0, n/n0) = 1. So
for p|n, we have
(3.3) d(p) = 1⇔ p ∤ n0.
Theorefore, applying Theorem 2.5 to χ
(p)
1 , χ
(p)
2 , . . . , χ
(p)
s , we have
(3.4) S
χ
(p)
1 ,χ
(p)
2 ,...,χ
(p)
s
(pmp, r) = ϕ(pmp)σs+r−1
(
pmp
d(p)
)
if p|n0; and otherwise for p|(n/n0), we have
S
χ
(p)
1 ,χ
(p)
2 ,...,χ
(p)
s
(pmp , r)
=ϕ(pmp)(ϕ(pmp)s−1pmpr + σs+r−1(p
mp)− pmp(s+r−1)).
(3.5)
Applying Lemma 3.1, (3.4) and (3.5), we have
(3.6)
Sχ1,χ2,...,χs(n, r)
=
∏
p|n
S
χ
(p)
1 ,χ
(p)
2 ,...,χ
(p)
s
(pmp, r)
=
∏
p|n0
ϕ(pmp)σs+r−1
(
pmp
d(p)
)
×
∏
p|n/n0
ϕ(pmp)
(
ϕ(pmp)s−1pmpr + σs+r−1(p
mp)− pmp(s+r−1)
)
.
Applying the multiplicative property of ϕ and σs+r−1, and the equation
d =
∏
p|n0
d(p) into (3.6), we obtain the identity in the general case. 
Remark 3.3. If s = 1 and χ1 is a trivial character modulo n, (3.1) re-
duces to Sury’s identity (1.2). If d1 = d2 = . . . ds = 1 in (3.1), that is,
χ1, χ2, . . . , χs are trivial characters, then we reproduce Li and Kim’s iden-
tity (1.3). Letting s = 1 and r = 1 in (3.1), we recover Zhao and Cao’s
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identity (1.4). Letting s = 1 in (3.1), we recover Li, Hu and Kim’s identity
(1.5).
Finally, we mention that, in many cases, Theorem 3.2 implies the follow-
ing result.
Corollary 3.4. Assume r ≥ 0, s > 0 and n > 0 are integers. Let χi (1 ≤
i ≤ s) be Dirichlet characters modulo n with conductors di. Let d = lcm(d1, . . . , ds)
be the least common multiple of d1, . . . , ds. If n and d have exactly the same
prime factors, then we have the following identity∑
a1,...,as∈Z∗n
b1,...,br∈Zn
gcd(a1 − 1, . . . , as − 1, b1, ..., br, n)χ1(a1) · · ·χs(as) = ϕ(n)σs+r−1
(n
d
)
.
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